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ABSTRACT

1,590

On the basis of a one-dimensional, small-signal, single-velocily
beam theory, the "forbidden' and "permitted" regions of wave amplif(i-
cation are determined in terms of the system parameter space (B,Q,g)
by examining the real roots of the determinantal eguaticn for a beam-
wave system in which the wave is propagated along o lossless circult.
The system parameters are defined as B = vofuo, Q = B(ab/m) and g =

B(ZCI°/2VO), with Vo and u being the phase velocity of the unperturbed

circuit wave and the initial average electron-becam velocity, respectively.
ab and w are the electron-beam plasma frequency and the angular frequency

of the electromagnetic wave respectively. Zc is the coupling impedance,

IO is the d-c beam current and V0 is the d-c beam voltagc.

The necessary conditions for wave amplification are obtained for
forward- and backward-wave interaction without imposing any restriction
upon the system parameters. It is shown that wave amplification is
possible under rather general circumstances, e.g., even if the value of
(a&/aﬂ is greater than unity, provided that the value of B lies in the

Proper range for e given value of g. Furthermdre, at synchronism (i.e.,
B=1), for g <1 it is observed that there are two ranges of values of

Qo = (ai/aﬂ over which wave amplification is possible. For example, for

g = 0.1 these ranges are given by 0 < Qo < 0.5 and 1.82 < QO < 2.25. 1n

the first range it is the forward-propagating wave that is amplified,
whereas in the second range it is the backward-propagating wave which is
amplified. These results may be applied directly to the examination of

whistler-mode propagation in ionospheric plasmas. :; I ﬁ
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THE NECESSARY CONDTTTONS FOR AMPLIFICATION OF AN

ELECTROMAGNETIC WAVE INTFRACTING WTTH A [RIFTING ELECTRON STREAM

1. INTRODUCTION

The amplification process arising in a coupled electrocmagnetic-wave
electron-beam éystem characteristic of a laboratory TWT has been developed
fully by Piercel, assuming a small-amplitude wave and a single-velocity
electron beam. Since the ionospheric plasma in the presence of the
earth's megnetic field caa act as an effective slow-wave structure for
a traveling wave and with the assumption that a corpuscuiar strean dis-
charged from the sun provides the required beam, Pierce's theory on the
traveling-wave-amplification process can be applied to the study of VIF
emissions in the ionospherea’aa For example, the TWT amplification
process has been suggested as a poséible mechanism for the generation of
a certain type of VLF emission in the exosphere by Gallet and Helliwell®
and has been investigated theoretically by Dowden® in great detail.

Tt is well known that for a laboratory TWT the small-signal
tﬁeory predicts that the interaction between the propegating electro-
magnetic wave and the electron beam is strongest when U the velocity
of the linear electron beam, is so adjusted that it is in near synchrenism
with the phase velocity of the electromagnetic wave A For strongly
coupled systems,t&)mnst'be greater than Vs for maximum amplification.

Tt has been suggested in the literature® that the equality vo = Uy is
the condition for VLF emission signal amplification. However, it should
be pointed out that the equality v, u,, as the condition of amplifica-

tion, is valid only under a special assumption that the electron-beam




plagms f'requoncy db is mucl cmi:ller than the angular frequency of the
cloectromagnetic weve, i.c., ab << w, which is usually true in the case
ul' & loborstory TWT but is not generally satisfied in the case of ioene-
spherie phenomena, such as in a whistler-mode propagation4, Furthermore
the fact that a forward-woave amplifier, known as the Crestatrcnﬁ, can
be operated successfully without the econdition of synchronism v, o u,
tends to suggest the inadeguacy of considering the condition of synchro-
niem as the condition for VLF emission signal amplification.’

- In view of the fact that the observation of VLF noiue bands with
the Alouuttell Satellite made by Belrose and Barrington® indicates that
the TWT theory is perhaps the most hopeful among the various theories
p uposed [or fhe generation mechanism of VLF emissicns, it seems desirable
to reexamine the above-mentioned condition for wave amplification. It
is therefore the purpose of the present paper tb obtain and discuss the
necessary conaitions for wave amplification under most general circum-

stunces within the framework of a one-dimensional, small-signal,

single-velocity beam theory.

II. DETERMINANTAL EQUATION

2.1 Single-Beam System

For a one-dimensional analysis, the quoantities of interest
associated with an electron beam, such as the space-charge density o,
the olectron velocity u and the convection current density J, can be

written as follows:

"

p(z,t) po(z) + 0 (z,t) ,

B

u(z,t) uo(z) + ul(z,t)

s s X_‘_‘




J(z,t) = J (z) >+ Jl(z,r) , (1)

(D]

where the subscripts o and 1 denote the time average value ond the
time-varying part of the quantity vespectively Il the single-velocity
vocumption is mode, the convection current density is given as the

product of the velocity w and the space-chnrge density p

I I, pl)(uo +ou) | (")

L

~nd under a amnll-gignol assumption Fy. 2 yields

i} s -
“0 “ouo (’))
and
J 7 opu, tou, ()

When the time-varying components of the guantities of intcrect :re

{Jwt-Tz)

assumed to have the form e , the contanuity equation gives

&T = j ‘ ‘/
T Jwe, - (%)

On the other hand, for a nonrelativistic snalysis Newton's second

law of motion gives

== - nEEZ - ESJ v (€)

where n = (e/m), the ratio of electronic charge to mass for =n clectron
talken as a negative quantity, E7 is the impresced field set up by the

wave-propagating medium, while E is a local spoce-chorge [eld cuuscd

by the bunches in the »eam. Poisson's equotion 1s written @ o




T

s 1
8 _ 1 (7)
dz “o
and with the aid of the Eq. 5 it yields
Ji
B, = ~'jmeo : (8)

where eo 1s the dielectric constant of vacuum. It is nof difficult to

gee that Eq. 6 can be written, with the aid of Eq. 8, as

J .
. 1
s (- ru) =z, -2 ) - )

Upon elimination of o and ul from Eqs. 4, 5 and 9, the following

electronic equation is obtained:

J = ° 2 p) (10)

which gives the value of the r-f current density in terms of the
jimpressed field. Equation 10 can also be conveniently written in terms
of the total r-f beam cur-ent il instead of the current density such

that




- T T

i = -, (11}

where

w
L¢]

4
VRN
o~ le
N
'd'U)

H
7\
o k®
N
*dem

li

- l =
O O-D

and

i, 0= A, (12)

where A is the cross-sectional area of the beam. It should be noted
that if the Bg term in Eq. 11 is neglected, then Eq. 11 is identical
with Eq. 2.22 of Piercel. Often, to take into account the actual field
conditions, that is, the fact that the fields are far from being one-
dimensional, a modified value mﬁ = R?a% is used instead of w;, where R

is a space-charge reduction factor which is a function of the particular

geometry.

On the other hand, the circuit equation can be given as follows ' :

I‘QI‘OZc (13)
E 2 — i s 13




6.

.

where Zc i¢ the coupling imprdunce between the driftirg beam and the wave
und PO is the cold-ecircuit propagation constant.

It should be pointed out that Picrce treats the local space-charge
ficlds ag pascive modes of the circuit and his space-charge term appears

in the circuit equation. His result is

2 -
T z 2
[ e g . & ' (14)

(Pi - p?) chl" 11

where Cl i1s a lumped capacitance representing the effect of the passive
modes.
When Eg. 11 and Eq. 135 are combined, the determinantal equation

for the propagation constant is obtained:

(g - TOIGp, -1 + 601 L2 ‘ s)
3B _I2r v

Pierce obtrins an equation equivalent to Eq. 15 by introducing a space-

charge parameter @ and the gain parameter C defined by

c® = Ly and Q = < s (16)

o
-
Q

the regult being

- X_*_‘

-

"

(3B, - 1) - hreqe® (A7)

G
N

3
hY]
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The numerical meaning attached to the paramcters @ sud R has boen
discugsed in detail by Beck’ and also by Chodorow and Susskind®. Severnld

authorgt?®+10

, starting with Pierce, have treated the solution of Eq. !9 or
Eq. 17 in the general case of a nonsynchronous beam, a slightiy lossy civ-
cuit and nonzero space charge. The method is straightforward; on~ sttempts
by suitable substitutions and combinations of the parameters to cxpress
the secular equation in the simplest form. Numerical values tre then
inserted and the roots are extracted by a standard technique. The aeitits
consist of compactness, freedom from unnecessary approximation anc Sbe
range of conditions studied. For example, Brewer and Birdsall!® use Lg. 17
and Pierce's notation as the starting point in their calculat’on of a
normelized propagation constant for a TWT.

It should be noted that in a BWA the electronic equation iws
precisely the same as it is in a TWA so that Eq. 11 is still valid. The

circuit equation is, however, different. It differs from Eq. 13 1in the

sign of the right-hand side alone. The secular equation for a BWA can be

given as
2 2
(r3 - TLEp, - D% + 81 T Z, (18)
: = oy 0
Jaerero 0
or
] g 2carzrojse .
. - - ]+ C = - : 16
(Jﬁe r) ¢ (r - r2) "
o]

2.2 Multibeam System

The determinantal equation for an N-beam system can be obtuincd

in the following menner. For the vth beam, frou Egs. 4 and 9 respectively,




¢ = ' 20
Ju val;LV pruOV (20)
and
I‘Jw = Jop, (e1)
Upon elimination of plv from Egs. 20 and 21,
Jop u
I, = = oy lv) s Vo= 1,2, ... N . (22)
(o = Mu_
On the other hand, Eq. 6 gives
(jo - I‘u.(w)uw = n[EZ + Es] (23)
and Eq. 7 becomes
OE .|
8 1 1 Z
= == &) Ap (24)
dz € AT v iy
v=1
where
N
A |
A'l‘ = 2_, Av ’
V=1

Av is the c¢ross-sectional area of the vth beam and AT is the total cross-

sectional area of the system. With the aid of Eq. 21, Eq. 24 becomes

N
- i 1
B, = jwe . A Z Ad, - (25)
o T
v=1

Y S

When u ond E_ are eliminated from Egs. 22, 25 and 25,




("(‘))

N X
T EZ v T 2J Ao (27)
V=1 V=1
Eq. 26 gives the following electronic equation for the N-beam systcem
B Iov ]
., (%)
oV
)
. v=1 (jsev B P) ?8)
i, = g N a2 ’ (2
1 S pv
1 + = }: A
A )2
T (JBg, - T)
where
o (&) (B) 6
ev L DV Yoy PV €
2 _
= = =k = = . 2
ov Poviory ? Vov 5, 4 Tov AvJov (29)

On the other hand, from Eq. 13 the r-f current of the vth beam can be

written as

(r2 - r?) .
Y1v T rorz ‘ (30)

i




=10~

whero Z(‘v denotes the coupling impedonce between the circuit and the
vth becm.,

Substituting Eq. 30 into Egq. 27 yields the cirecuit equation

@ .12 -
1=E[_9____>.1_J, (1)
Z
1 z PEI‘O T
where
N
1 =Z.L., (32)
ZT ch

V=1

By combining Eqs. 28 and 31, the desired determinantal equation is obtained:

oV
i jBev 2Vov > ZT

- _m W T (33)
rer N 2 '
o] 14+ 1 Z A pr
Ay v 2
v=1 (jsev - P)

It is of interest to observe that for an intermingled N-beam system, in
which all beams have the identical cross-sectional area A (i.e., AT = Av =

Aforvs=1 2... N), Eg. 24 becomes

OE, 1 X
CRPILE -
V=1

and Eq. 335 becomes

. SUPE

L}
.




T . ‘J_‘f_ L
\T‘ JB( W ( L"Vov / 1
2 .12 / B -T1)°
.(._2..2———-) . VL::;L (J ev — ( 455 )
N PO - Nh‘ BQ
1+ EL EY
. 2
= (38,, - T)

Furthermore, for a single-beam system (i.e., N = 1) %3. 35 is reduced to

Eq. 15.

II1l. THE NECESSARY CONDITIONS FOR WAVE AMPLIFICATION

5.1 The Determination of the Region of Possible Amplification

It is convenient to define the following propagation constants

r = jk and r, o= Jk, (36)
so that Egs. 15 and 18 can be combined into the following egquation.
2 2\ 7a2 2 IOZC 2
' - i - - -l P i —— ] %
(= - k2B - (k- B )] 27, Bk k51 (57)

where the upper sign refers to a TWA and the lower sign refers to a BWA,
It should be observed that Eq. 37 is a fourth-degree algebraic equatirn

in k and thus has four roots. Thus this fact indicates the possibility of
four modes of propagation for the system. For example, in Lhe case of

o negligibly small coupling (i.e., Zc = Q) the roots of Eq. 37 arec
k=4%k andk= (Bequ) which are the propagation constants ol the two
circuit woves and those of the two space-charge waves associated with

the electron beam, respectively. Furthermorc Eq. 57 con be written in

the following norm:i.lized form:




s o g g o Ldade ] . el o AR A A4 . T R T h wv o ' = - -

(k" - )z - B)F - (0F v )] om T, (38)

whoro

ond

L Z

- (39)
Q

Similarly Kq. 55 can be expressed in terms of k and ko' Then Eq. 35, being
2 (2N+2)Lh-dogrce algebraic equation in k, hés'(2N+2) roots. Once the
various parameters of the system are specified, these roots can be obtained
in principle. However, it is easily visualized that the solution of Eq. 35
becomes more complex as N increases, and it is not considered in the
present investigation. Attention is directed toward the study of a single-
beam system in the present discussion. When the losses of the circuit are
negligible, ko is real and can be written as 60 = @q/vo) with v, being the
phase velocity of the unperturbed circuit wave. Consequently Eg. 39

becomes

k vo
X = <ﬁ—>, B = <'d‘> , 0 = QB = (mq/a))B ,
C o]
and
IOZC V0 ;
& = By (a*) = %8 (40)
(o] (o]

in which the normalized propagation porameter X is generally complex, while
the velocity parameter B, the frequency parameter Q and the coupling

parameter g are real. Furthermore, these parameters are related to the

conveniently defined parameters (C,Qp,b) in the TWT theory® as follows:




e
t L0
o, - Sl
1+ o VB
and
1 o
Bo= {7775 - (i

For o given set of parameter valuea, Eq. 38 can be soived algebraicuily
for the propagation parameter X, which ir general may pe complex. |1
should te noted that when X is complex, say X = (p+ja), the wave funetion

e(jammrz) takes the form,

ej(um~xﬁcz) a8 2 j(am~pBCz)

e(mewPZ) - e . ' 25

which represents a nonuniform propagating wave provided that a and ¢ are
different from zero. Furthermore, since Eq. 38 is a quartic eguation in
X, 1f it has a complex root, X = (p+ja), then X = (p-Jja) must also Le o
root. In other words, the complex roots of Eq. 38 must appear as a com-
plex conjugate pair. Consequently the condition that the propugation
parameter X becomes complex can be regarded as the necessary condition
for wave amplification. Thus the problem becomes the determination ..f
the proper combination of values of the parameters B, © and g for which

Eq. 38 has at least one pair of complex conjugate roots. This region 1s

referred to as the "permitted" region for wave amplification, defined 1in |
the system parameter space (B,Q,g). The problem can also be considered

equivalently as that of the determination of the proper combination of the

parameters B, § and g for which Eq. 38 has four real roots, which 1s

referred to as the "forbidden" region for wave amplification. 1t 15 of
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intercst, to note thal the rendl roots of g 8 can be determined rather
cagily by the ollowing graphical method. Consider the real functions

M(x), F(x) nnd G(x), as delined by

_ g_ "

H(x) = (X2 -0 ’ (u))

F(x) = -(x - B)® + (0% - g) (4l)
| and

G(x) = (x -B)® - (0% +g) , (45)

jﬂ where B, @, g and x are real. When these functions are plotted against
X in o renl x-y plane, they represent a composite curve with four branches
(see Fig. 1), a parabola opehing downwardly with its vertex located at the
peint [B,(Qg-g)] and a parabola opening upwardly with its vertex at the
point [B,-(Q%+g)], respectively (see Fig. 2). Since the real roote of

Eq. 58 satisfy the relationships

H(x) = F(x) for TWA (46)
and

bf] H(x) = G(x)  for BWA , (47)

when these curves are plotted on the same x-y plane, the x-coordinates of )

the intersection points of the H-curve with the F-curve and with the G-
curve give the real roots of Eq. 38 for a TWA and for a BWA respectively.
Moreover the number of these intersection points provides some useful

information. For example, for a given set of values of the parameters

- X‘.‘

<, B and Q, if the number of intersections of the H-curve with the

F-curve, n, or with the G-curve, {, is four, then it indicates that there
are lour real distinet roots for Eq. 38. If n =3 or £ = 3 is observed,

this implies that there are four real roots, two of which are equal, i.e., .
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the cquel roots - re rencoseraced by te forgront pornts of the H-curve witn
the F-curve or with the G-curve (ses Fig., ™). O tbhe other hond 1" o= 0
is observed, then there are two possibiiities, namely that Tq. 38 has o
pair of complex conjugate rocts and two real distinct roots or 1t has two
pairs of real equal routs, which 18 a speciai case of n - 3. llowever,
there is no difficulty 1n distinguishing them by the grapnhical method.
When £ = 2 is observed it implies that EqQ. 38 for a BWA has a poir of
complex conjugate routs and two real distinct roots. n ~OQarn = 1
corresponas to the cases when Eq. 38 has no real root or a pair of real egual
rovts with a pair of complex conjugate ro ts, respectively. Consequently
it can be said that Eq. 33 has at least one pair of complex cornjugate
roots if £ < 3 for the case of a BWA or 1f n < 3 for tne case of a TWA,
provided that n = 2 does not correspond to the case of two tangent points
between the H-curve and the F-curve.

It should be observed that if g is specified, then the H-curve 1is
fixed and the parebolas can be shifted in position to any place in the
x-y plane by varying the value of B or @ without changing the shape or
orientation. Therefore a change in location and in the number of inter-
section points of these curves can be easily observed. For example, for
a given set of values of g and B, a change in n or { with a change in the
value of Q can be observed. Since the F-curve or the G-curve move
vertically (i.e., parallel to the ymaxls) as  varies, the distritution of
the intersection points changes accordingly (see Fig. LY. On the other
hand, for a given set of values of g and @, the change in n or ¢ with the
change in B cen be investigated since the F-curve or the G-curve move
horizontally (i.e., parallel to the x-axis) as B varies (see Fig. 5).
Therefore the ranges of values of Q or B for a given value of g, for which

Eg. 38 has at least one pair of complex conjugate roots, can be guilckiv
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determined. The resuits th.s obtrained are illustratcd and shown in IMigs
6 and 7 for the cases of a TWA and a BWA respectively. In these Tigures,
the shaded region represents a 'fortidden” region for wave ampliflication,
while the unshaded region represents the "sermitted” region for wave
amplification. The boundaries between these two regirons correspond to
the situations n = 3 or £ = % which represent the cases where the F-.curve
or the G-curve is tangent to one of the tranches of the H-curve. The
Fm-curve, withm = i, 2, 5 uand L, represents the proper combination of
B, Q and g for which the F-curve is tangent to the Hmibranch, whereos the
Gm—curve, with m = 1 and 2, represents that for which the G-carve is tangent
to the ﬁm-branch« It should be noted that the points labeled with K,
I and M in Fig. 6 represent the conditions of two tangent points between
the F-curve and the H-curve which correspond to the case where Eg. 38
for a TWA has two pairs of real equal roots (see Fig. 8).

When the coordinates of the points K, I, M, F and @ in the B-Q
plane (i.e., g = constant) are denoted by (Bk,Qk), (O’QL)' (O,QM),
(BP’O) and (Bq,O) respectively, the "permitted” region for wave amplifica-
tion can be described in the following manner.

If g and B are given and if B? < Bk‘ then

IA
w
A
(os)

F < @ < F for O
2 4

A
s
A
o

0 < O < F for B
4 P

0 < @ < F and F < @ < F for B < B ,
1 3 4 it

and if Bk < Bp’ then

rFr < 0 < F for 0 < B < B ,
2 4 - k

-~
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Fo< o < B shd Fo< 0 < F Tor B < B < B
P 1 3 4 k = P
and
H < Q@ < F and F < Q@ < F for B. < B . (48)
] 1 3 4 P -
On the other hand, if g and Q@ are given, then
F < B < P for 0 < Q < @ y
2 1 L -
0 < B < F1 for QL < a < Qk ’
< a
0 B < F3 for Qk. < 8 < QM
and
< < f < .
F, B F, or o, < Q (49)
For a BWA.
If g and B are given, then
0 < O < @G for 0 < B X B
2 Q
and
G < @ < @ for B, < B . A (50)
1 2 Q -
On the other hand, if g and Q are given, then
G, < B<G for 0< Q. (51)

5.2 The Boundaries of the "Forbidden" Region in the B-Q-g Space

When n = 3 or £ = 3, Eq. 38 can be expressed in the following

form:
(x -c)® (x-a)(x-b) = 0, (52)

where a3 b and ¢ are real. On the other hand, Eq. 38 can also be

written as




—_ 4 1 R . R 2 o , . s
F(X.) O S £ O I Y LR S A 7)I X S KON (33‘3 - 1) 0

where £, " 8 for a TWA and g = ty Cor a BWA.
)

Expanding Eq. 52 and then comparing it with Eq. 9% gives

(3; + b) + 2c¢ 2B ' (')h)
c® +2c(a+h) tab = -l +g_ + (0% - )], (55
c?(a + b) + 2abe = -2B ' {r6)
and
wbe® = (0% - B®) | 573

From Egs. 54 and 56 it follows that

(L +c®) (a +b) +2¢(1L +ab) = 0 (H%)
and from Egs. 55 and 57,
2c(a +b) + (L +c®) (L +ab) = -y . (59)

IT Egs. 58 and 59 are solved simultaneously, & and b can be expressed in

terms of ¢ as follows.

cg —
= _Ag ‘.i".\/:ﬂ 3 (60)
cg
b =2 VD (61)
waere
©Ccg 2 g T
- 2 2 2 6
D [\A>+1+A\1+c)J (62)
and
A = (1L -cB)® (69,



It chould be obgerved Lh.h Usr o BWA, I ™> O since g, >0, and o and b
have an opposite algebraic sign, i.e2., if a >0 then b < 0 or if a <0
then b > 0. On the other hand, for a TWA, since G < 0, it is possible
that D becomes zero, in which case a bhecomes equal to b, which leads to
n =2, ao gpecial cuse of n = 3 which has been discussed previously.

Since ¢ is a root of Eq. 55 [i.e., P(c) = 0],

¢t - 2Be® - [1 + g, (92 - B2)Je® + 2Bc + (8% - B?) = 0 (64)

and ut the same time since ¢ is also the equal roots of Egq. 53,

(dP/dx)xzc =0, i.e.,

2¢3 - 3Bc® - [1 + g, * (@2 - ®)lc+B = 0 . (65)

Thus ¢ must satisfy Eqs. 64 and 65 simultaneously. When Eq. 65 is multi-

plied by a factor (¢/2) and is then subtracted from Eq. 64, the result is

Be® + [1 + g, * (92 - B%)]e® - 3Be - 2(02 - B%) = 0 . (66)

It should be noted that the set of Egs. 65 and 66 is equivalent to the
set of Egs. 64 and 65. Furthermore it is not difficult to show that Eq.
66 can also be derived from Eqs. 5%, 55, 56 and 57. When the terms

containing c® are eliminated from Egs. 65 and 66,

2 - o
Py =P C P, = 0, (67)
which in turn gives
+Vp2 - &
e Wl -~ (68)
o 2.p b /

where

A



; S

T UL .
by LB W=l
, = (5% +9) - (e, +0°%)IB
ond
P, = [(B® +2) + Q(go +02)] (GO)

e

P The double signs appearing in Eq. 68 must be chosen so thot for s given
set of values of B, Q and g, co, obtained from kq. 68, must satisly

{ ‘ Eq. 6k,

‘ Substituting c_, given by Eq. 68, into Eq. 65 yieids an equation

relating the parameters g, B and Q in such a way that n = 5 or £ = 5.

Thus Eq. 65 with the aid of Egs. 68 and 69 can be regarded ns the cquation

of the boundary surfaces of the "forbidden" region for wave amplificrtion

in the B-Q-g space. It is not difficult to verify that if o givern sct of

values of the parameters B, Q! and g can be represented by a point on the

F _-curve or on the G -curve, os shown respectively in Fig. 6 or Fig. 7,

then the value of c _, given by Eq. 68 with the aid of Eq. 69, does s tisiy

Eq. 65. Furthermore it should be observed that for a given viiue o

and B there are three values of Q2 which satisfy Eq. 65. When . »ouitive

angular frequency w is considered, Q must be tsken as a positive quantity.
The number of real positive Q which satisfy Eq. 65 depends upon the ronges
in which the given B lies. For example, as shown in Fig. 6 for the cuse

of Bp < Bk < B, there are three positive Q which correspond to those

values of @ given by the Fl-, FB- and F4-curves. j




v+ DISCUSSION OF RESULTS

The "forbiddeu" region for weve amplification in the B-Q plane for
different values of the parameter g is shown in Fig. 9 for a TWA and in
Fig. 10 for a BWA respectively. Tt should be observed that as the value
of g decreases the "permitted" region for wave amplification decreases
accordingly. As g - 0, the F4—curve approaches the Fa-curwe and the F2-
rurve approaches the F -curve. Thus the "permitted” region disappears.
Similarly the G2-curve approaches the Gl-curve as g -» 0. This is obvious
from Eq. 38, becouse when g = O there are always four real distinct roots
since n lossless circuit is being considered.

Figure 9”shows that in the case of a TWA, for ziven values of g
and B, there is a range or ranges of valaes of § over which wave amplifi-
cation is possible. For B < Bk’ there is only one such range, while if
B Z'Bk’ two suchranges of ) are observed. It should be noted that with Q
equal to B(ah/hﬂ, if the average electron-charge density Po is assumed to
be uniform over the electron beam, then.ab is fixed and since B is given,
for a range of Q there corresponds a band of angular frequency w.
Consequently the above observation suggests that for B < Bk there is only
one frequency band, while for B E»Bk there are two frequency bands over
which the wave can be amplified. On the other hand, in the case of a BWA
Fig. 10 shows that there is only one frequency band over which wave ampli-
fication is possible. Furthermore the widths of these amplification bands

decrease with a decrease in the value of g. It 18 of inhterest to note

that the "permitted" and "forbidden™ regions for wave amplification can also

be given in the B-Qo=g space, as shown in fig. 6b.
For a typical laboratory TWT, under normal operating conditions the

value of B is near unity and the values of QO = (a%/hﬁ and C are both much

-30-
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FIG. 9 "PORBIDDEN" AND "PERMITTED" REGIONS OF WAVE AMPLIFICATION

FOR A TWA WITH g AS A PARAMETER.
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smaller than unity so that b~ 7, <& 5 g 0 <% i
that the point representing this opevoting conditisn con be doested b i
"permitted” region in the B-Q-g space (e.g., sec Fig. o) or in the ERTE
spece (e.g., see Fig. 6b). Thus for the analysis of n laboratory TWA, thot
portion of the "permitted” region which 1s below the F‘iwcurvo, 18 shown 1n
Figs. 6a or 6b is of primary interest. On the other hand, for the :nniysis
of the traveling-wave-amplification process as a natural phenomenon oii
will, in general, be interested in that portion of the "permitted” rcgion
between the Fsmcurve and the F4—curve which 1s referred to as the RU-rcgJ.or.-.a
as well as in the portion below the F, -curve which is referred to as the Rl-
region, since the physical environment in nature can not be easily con-
trolled and the values of 90 and B may be arbitrary. In view of the fact
that various experimental ionospheric observations tend to indicate that
the value of (a%/hﬁ is usually of the order of unity or much greater, for
example, in the case of VLF emission, the RU~region should be of more
interest than the RL«-region°

It is not difficult also to compare the effectiveness of the
amplification process which can take place in the RL- and RU-regions ty
comparing the values of the imaginary part of the complex normalized
propagation parameter X = (p+ja) where p and a are the phase and amplitude
factors respectively. As an illustration, plots of the real part P, and
the imaginary part a, of the complex propagation parameter im for the
system, with m = 1,2,3 and 4, against Q with g = 0.1 are shown in Figs.

1la, 11b and llc for the cases of B = 0.5, 1.0 and 1.5 respectively. it

should be noted that there are two ranges of £; one lies below and the
other lies above £ = 1.0 over which the amplification of & wave 1s posuibic.
Furthermore it 1s of interest to observe that for the range @ < B (1 ¢ ,

ui/a>< 1) Eq. 38 has three roots with a positive real part and one ro.t
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with & negative real vort, which 1mplios thnt the systeom may support one
backwurd- and three forward-propagating waves.  On the other hond, far the
range § > B (1.e., @, > w) Eqg 38 has two routs with positive real ports
and two roots with negative real parte, which suggests that the system can
support two forward- and two backward-propagating waves Howevar when
Q=B (i.e., @, * w), regardless of the value of g, X = 0 is one of the
roots of Eg. 38. Consequently there are oniy threc propagiabing waves in
the system. The maximum values of the amplitude factor a vs B with p aun

o, parameter are shown in Figs. 12a and 12b for the RL' and RU-rcgionu ol
the "permitted" region respectively. The volues of the phase lactor p
corresponding to the maximum a vs. B witb g as « parameter arc shown 1in
Figs. 13a and 13b for the "permitted" R - anc R;-regions rospectively .

The maximum value of a vs. the coupling parameter g with B as a paramecter
is shown in Figs. lla and 14b for the R - and R -regions respectively  The
comparison of Figs. 12a and 12b shows that for a given value of g the
amplification process is more effective in the RL-region than in the RU'
region. The comparison of Figs. 1lba and 14%b suggests the same To show
this fact more clearly the ratio of the maximum vaiqé of the amplitude
factor a..3 in the RU-region to the maximum value of the ampl.tude factor a
in the RL- region (i.e., max aa/max al) is plotted against B for a given
value of g and is shown in Fig. 12c. Tt should be observed that this
ratio is less than unity and it decreases as B increases. For cxomple,
for g = 0.01 at B = 1, max a, is approximately five times greafcr‘thun
max as, while at B = 0.5 max a, is approximately twice as great s max "
On the other hand, Fig. 1kc, which is obtained by combining Figs 1ln and
lhb, shows the variation of the ratio (max aa/max al) for a fixed valur of

B. This figure suggests again that wove ampiificatior .hould he more

effective in the RL-reglon than in the Ru-reg1ona 1t should oiso be noted
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Lhat, since the coupiing parsmeter g @5 defined ty o factor (2¢°K) for a
given voluac of L, IMlg. ihe can eusily to wsed to ottain the plet of the
rofio (mox uq/mux ul) va. . It is of interest to¢ vkserve that Figs. l3a
and 156 suggest, that in the 'permitted’ lereglon the amplified wave is a
forwnrd-propagating one since p > 0, whereas in the ‘'permitted” RUmregior
Lhe amplified wave 1s a backward-propagating one since p < 0. Furthermore
since p o~ (vo/vph) where vph is the phase velocity of the aaplified wave
and v, is the phase volocity of the cold-eircuit wave, r1g. 13% suggests
Lhnt 1n the "permitted” RU-region the amplified wave is propagating at a
speed faster than that of the cold-circuit wave. Figure 15a shows the
relationship between B and Q@ for a given vaiue of g which gives the maximim
value of the amplitude factor a in the "permitted” RU-region° 1t should te
noted that for B = O, regardless of the value of g, the amplitude factor a
has 1ts maximum value at @ = 1. Furthermore, for B > 0.4t with a ziven

value of g, in order to obtain the maximum value for a, Q@ must depend

linearly upon B. For example, for g = 0.1 this linear relationship can te
expressed approximately as @ = (B+1). On the other hLand, since @ = QOB =
(a$/w)8, this relationship can also be given Ty [(ai/a9~l]B = 1. When it
is plotted in the B-QO plane it forms a hyperbole as shown in Fig. i5t. TF ¢

figure suggests that for given values of g and B, in order to maintain the

maximum amplitude factor a in the RU-r-gion, the value of (ai/aﬂ must be
properly chosen, e.z., for g = 0.1 and B = 1, (ab/w) must bte equal to two. ;
Furthormore for a given value of g, if B is decreased, then the gain param- |
cter ¢ is increased and to maintais the maximum amplification (ab/w) must 1
be increased accordingly, which is reasonabl:. *

The plots of p and a against B of the complex conjﬁgate pair .

propagation parameter for Q = 0.025 with g as parameter are shown 1o Fig.

16 'This Tigure suggests that an increase in the vaiue of g has a

n | ,_ j
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PARAMETER.




considershice offfeet o v rpgp i bade factor o, btut only has w minor effect
on Lhe phuage factor p oof the ampliffica wave.

Finnlly the plots of p and a vs. B for g = 0.1 at O = 0.025 which
is in the Rh-region, and at § = 2.0 which is in the RU-region are shown
in Figs. 1Ta and 17b respectively. The observation of these figures
mggests that the amplifying range of value of B is much narrower in the

k ~-region than in the RI-rogion.
U f

V. CONCLUDING REMARKS

In the present paper the "forbidden” and ‘'permitted” regions ia
the B-Q-g space for wave amplification are determined by examining the
real roots of the determinantal equation of the system. The "permitted"
region thus obtained represents all possible combinations of the system
parameters B, Q and g under which the amplification of a wave is possible.
The conditions given by the inequalities (48) through (51), therefore, can
be regarded as the necessary conditions for wave amplification. However

it should be pointed out that these conditions are only the necessary

conditions but not the necessary and sufficient conditions becausz the
existence of a pair of complex conjugate roots of the determinantal equa-

tion merely implies the possibility of amplification and attenuation of

the wave in the system. In order to kncw whether or not the resultant
electromagnetic wave in the system will be amplified, the way in which the
wave 1s excited and the boundary conditions which are to be imposed must
be known.

The result of the present investigation indicates that wave ampli-

s a . X.‘-..-

fication is possible even if the value of Qo = (ui/aﬂ 1s not small compared

with unity, provided that the value of B is in the proper range, which
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depends upon tte vaiue of paramcter g Thus 11 tends to o gpest the
applicability of the TWT theoprv to the investigation of naturai phenomen:
Tt shoulid, however, bie pointed out that the synchroncos condition B~ |
does not automatically imply wave amplification as 1s 1llustrated in
Fig. 9. Tn order to have wave amplification the value of Q must als. lic
in the proper range. For example, the point in the B-Q-g space which
represents the operating condition B =1, @ << 1 and g =01 lies wilhin
the "permitted" region, while that representing the condition B : I,

Q>>1and g = 0.1 lies in the 'fortidden' region where wave amplification

is not possible.
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